A proof is given for the explicit representations which have been formulated in the author's previous work for the Faddeev components of three-body T -matrix continued analytically on unphysical sheets of the energy Riemann surface. Also, the analogous representations for analytical continuation of the three-body scattering matrices and resolvent are proved. An algorithm to search for the three-body resonances on the base of the Faddeev differential equations is discussed.
INTRODUCTION
The paper is a continuation of the author's work [1] devoted to studying a structure of the T -matrix, scattering matrices and resolvent of three-body Hamiltonian continued analytically on unphysical sheets of the energy Riemann surface.
A central result of the paper [1] consists in construction of the explicit representations for the continuation of three-body T -matrix on unphysical sheets in terms of this matrix itself taken on the physical one, as well as the scattering matrices. There were outlined only schemes to prove the representations above in Ref. [1] . Main goal of the present work is to present a full proof. With the representations for T -matrix we base also analogous representations for analytical continuation of the scattering matrices and resolvent (see Ref. [1] ).
As in [1] we suppose that interaction potentials are pairwise ones which decrease in the coordinate space not slower than exponentially. All the analysis is carried out on the base of the momentum space Faddeev integral equations [2] , [3] for components of the T -matrix. At that we find analytical continuation of the Faddeev equations as on neighboring unphysical sheets as on remote ones belonging to a certain part of the total three-body Riemann surface. A full description of the part under consideration see in Ref. [1] . The representations for the components of T -matrix on unphysical sheets arise as a result of explicit solving the Faddeev equations continued in terms of the physical sheet.
Note that a continuation of the s-wave Faddeev equations on unphysical sheets neighboring with physical one, was made previously in the work [4] (see also Ref. [5] ) in the case of separable pair potentials.
In the paper, we discuss also a practical meaning of the representations obtained. According to the representations [see Eqs. (4.34), (5.1) and (6.1)], the nontrivial singularities of the T -matrix as well as the scattering matrices and resolvent are determined, after the continuation of them on unphysical sheets, by singularities of the operators inverse to truncated scattering matrices on the physical sheet. Thus, the three-body resonances (i.e. the poles of the resolvent as well the T -and scattering matrices) are actually those values of energy for which the scattering matrices, truncated in accordance with the index (number) of the unphysical sheet under consideration, have zero eigenvalue. These properties of three-body scattering matrices are quite analogous to the familiar properties of the scattering matrices in problems of two particles and multichannel scattering problems with binary channels (see e.g., Refs. [6] - [8] or [5] , [9] , [10] ). For computations of three-body resonances as zeros of the truncated scattering matrices above, one can apply in particular, the differential formulation of the scattering problem [3] , [11] going on the complex plane of energy (physical sheet).
The paper is organized as follows. In Sec. 2 we remember main notations of Ref. [1] . The analytical continuation of the Faddeev equations on unphysical sheets is carried out in Sec. 3. Sec. 4 is devoted to deriving the explicit representations for the Faddeev components of the three-body T -matrix continued on unphysical sheets. The analogous representations are constructed in Sec. 5 for the scattering matrices and in Sec. 6, for the resolvent. In Sec. 7 we formulate an algorithm to calculate the three-body resonances on the base of the Faddeev differential equations in configuration space.
NOTATIONS
Throughout the paper we follow strictly by the conventions and notations adopted in Ref. [1] . Therefore we restrict ourselves here only to presenting for them a brief summary. Note at once that at using formulae of the paper [1] (it will take place rather often) we supply their number in Ref. [1] with the reference " [1] ".
For the description of the system of three particles concerned in the momentum representation, we use the standard sets of reduced relative momenta ( [1] 
= −s αβ k β + c αβ p β with coefficients c αβ , s αβ [3] depending on the particle masses only.
The Hamiltonian H of the system is given by (Hf )(P ) = P 2 f (P ) +
, where v α , α = 1, 2, 3, are pair potentials assumed for the sake of definiteness, to be local. This means that the kernel of each v α depends only on the difference of variables k α and k
We deal with two variants of the potentials v α . In the first one, v α (k) are holomorphic functions of variable k ∈ C 3 satisfying the estimate ([1].2.2). In the second variant, the potentials v α (k) are holomorphic in k in the strip W 2b = {k : k ∈ C 3 , |Imk| < 2b} only and obey at k ∈ W 2b the estimate ( [1] .2.3). In the both variants v α (−k) = v α (k), and this guarantees self-adjointness of the Hamiltonian H.
In the paper, the exposition is given for example of the second variant of potentials. Respective statements for the first one may be obtained from the statements of this work if to put in them, b = +∞.
By h α we denote the Hamiltonians of the pair subsystems α, α = 1, 2, 3. Eigenvalues
.., n α , n α < ∞, are enumerated taking into account their multiplicity: number of times to meet an eigenvalue in the numeration equals to its multiplicity. Maximal of these numbers is denoted by λ max , λ max = max α,j λ α,j < 0. The notation ψ α,j (k α ) is used for respective eigenfunctions.
We understand by σ d (H) and σ c (H) respectively the discrete and continuous components of the spectrum σ(H) of the Hamiltonian H. Note that σ c (H) = (λ min , +∞) with λ min = min
The notation H 0 is adopted for the kinetic energy operator, (H 0 f )(P ) = P 2 f (P ). By R 0 (z) and R(z) we denote the resolvents of H 0 and H, respectively: R 0 (z) = (H 0 − zI) −1 and R(z) = (H − zI) −1 with I, the identity operator in H 0 . Let M αβ (z) = δ αβ v α − v α R(z)v β , α, β = 1, 2, 3, be the components [2] , [3] of the T -matrix [3] for operators M αβ read in matrix form as
where R 0 (z) = diag{R 0 (z), R 0 (z), R 0 (z)} and by Υ we understand the 3 × 3-matrix with elements Υ αβ = 1 − δ αβ . Besides we use the notations t(z) = diag{t 1 (z), t 2 (z), t 3 (z)}. Here, the operators t α (z), α = 1, 2, 3, have the kernels t α (P,
stand for the respective pair T -matrices t α (z). These M, t, R 0 and Υ are considered as operators in the Hilbert space
The resolvent R(z) of H is expressed by the matrix M(z) as [3]
where Ω, Ω : G 0 → H 0 , denotes operator defined as the matrix-row Ω = (1, 1, 1). At the same time Ω † = Ω * = (1, 1, 1) † . Everywhere by √ z − λ, z ∈ C, λ ∈ R, we understand the main branch of the function (z − λ) 1/2 . Usually, byq we denote the unit vector in the direction q ∈ R N ,q = q/|q|, and by S N −1 the unit sphere in R N ,q ∈ S N −1 . The inner product in R N is denoted by ( · , · ). Notation · , · is used for inner products in Hilbert spaces.
. Notation Ψ α is used for operator acting from
. By Ψ we understand the matrix-diagonal operator combined of Ψ α as Ψ = diag{Ψ 1 , Ψ 2 , Ψ 3 }, and acting from
The operators Φ α and Φ are obtained of Ψ α and Ψ by the replacement of functions ψ α,j (k α ) with form-factors
By O(C N ) we denote the Fourier transform of the space C † 0 (z)} as well as operators
Along with H 0 , G 0 and H 1 described above, we consider the Hilbert spacesĤ 0 = L 2 (S 5 ),
The truncated three-body scattering matrices are expressed by T (z) as
has the components l 0 = 0 or l 0 = ±1 and l α,j = 0 or l α,j = 1, α = 1, 2, 3, j = 1, 2, ..., n α . Notations L andL are used for the diagonal matrices corresponding to the multi-index l:
is used for the domain in variable z ∈ C where (LT L ′ )(z) is a holomorphic operator-valued function. The matrices S l (z) and S † l (z) as well as the products
. A description of the domains Π We consider only a part of the total three-body Riemann surface. This part is denoted by ℜ. Sheets Π l ⊂ ℜ are generated by branching in the two-body, z = λ α,j , α = 1, 2, 3, j = 1, 2, ..., n α , and three-body, z = 0, thresholds. When enumerating the sheets, the multi-index l given by (2.5) is used. At l 0 = 0 its components l α,j , α = 1, 2, 3, j = 1, 2, ..., n α , can get arbitrary value among two numbers 0 and 1. In this case, Π l represents a copy of the complex plane C cut along the ray [λ min , +∞). If l 0 = ±1 then the rest of components l α,j , α = 1, 2, 3, j = 1, 2, ..., n α , of l are assumed be equal to 1. There is accepted that at l 0 = +1 the sheet Π l coincides with the upper half-plane C + = {z ∈ C : Im z > 0} and at l 0 = −1, with the lower one, C − = {z ∈ C : Im z < 0}. We suppose additionally that the sheets Π l with l 0 = ±1 are cut along the rays constituting together the set
res } is a totality of the rays beginning in the resonance points σ (α) res of subsystem α and going to infinity along the directionsẑ r = z r /|z r |, z r ∈ σ (α) res . A more detailed description of the surface ℜ and in particular, the way of sticking the sheets Π l see in Sec. 5 of Ref. [1] .
If all the components of the multi-index l are zero, l 0 = l α,j = 0, α = 1, 2, 3, j = 1, 2, ..., n α , the sheet Π l is called the physical one, Π 0 . The unphysical sheets Π l with l 0 = 0 are called the two-body ones since these sheets may be reached from Π 0 rounding the two-body thresholds z = λ α,j only, with no rounding the breakup threshold z = 0. The sheets Π l at l 0 = ±1 are called the three-body ones.
ANALYTICAL CONTINUATION OF FADDEEV EQUA-TIONS FOR COMPONENTS OF T -MATRIX ON UNPHYSICAL SHEETS
Goal of the present section consists in continuation on unphysical sheets of the surface ℜ, of the absolute terms and kernels of the Faddeev equations (2.1) and their iterations. The continuation is realized in a sense of generalized functions (distributions) over O(C 6 ). Results of the continuation are represented in terms related with the physical sheet only.
By
, we denote the diagonal matrices formed of the components
By s α,l (z) we understand the operator defined inĤ 0 as
where ω α ,k α ,p α stand for coordinates [3] of the pointP on the hypersphere
2 . For all this,P = {cos ω αkα , sin ω αpα }. By s α we denote the scattering matrix
.2.16) for the pair subsystem α. As a matter of fact, s α,l represents the scattering matrix s α rewritten in the three-body momentum space. It follows immediately from Eq.
res then there exists the bounded inverse operator s Theorem 1. The absolute terms t α (P, P ′ , z) and kernels (t α R 0 )(P, P ′ , z) of the Faddeev equations (2.1) admit the analytical continuation in a sense of distributions over O(C 6 ) both on two-body and three-body sheets Π l of the Riemann surface ℜ. The continuation on the sheet
where
is the continuation [9] on Π l of the free Green function R 0 (z). If l 0 = 0 (and hence Π l is a two-body unphysical sheet), the continuation in the form (3.3) , (3.4) is possible on the whole sheet Π l . At l 0 = ±1 (i.e. in the case when Π l is a three-body sheet) the form (3.3) , (3.4) continuation is possible on the domain P b Π l .
All the kernels in the right-hand parts of Eqs. (3.3) are taken on the physical sheet.
Proof of the theorem we give for example of the most intricate continuation on three-body unphysical sheets Π l with l 0 = ±1. For the sake of definiteness we consider the case l 0 = +1. For l 0 = −1, the proof is quite analogous.
Let us consider at z ∈ Π 0 , Im z < 0 the bilinear form
we find that the integral (3.5) turns into 1 4
Existence of the analytical continuation of the kernel (t α R 0 )(z) on the sheet Π l , l 0 = ±1, follows from a possibility to deform continuously the contour of integration over variable ρ to arbitrary sector of the analyticity domain
res of the integrand in variable λ in the way demonstrated in Fig. 1 . Besides, this is connected with a possibility at moving of z from Π 0 to Π l , l 0 = +1, to make a necessary deformation of the integration path in variable λ in such a way that this path is separated from the integration contour in variable ρ.
To obtain the representation (3.4) at a concrete point z = z 0 , we choose a special final location of the integration contours in variables λ and ρ after consistent deforming them (see Fig. 2 ). Singularity of inner integral (over variable ρ) remains integrable after such deformation res on the sheet Π l , l 0 = +1. Also, there are denoted the cuts on Π l , l 0 = +1, beginning at the points of σ due to presence of the factor √ ρ. As a whole the integral (3.6) turns into 1 4
where t ′ α denotes the pair T -matrix t α (z) continued on the second sheet (as regards t α (λ), the contour G 1 ∋ λ belongs to its second sheet). The last term arises as a result of taking residues in the points λ α,j ∈ σ d (h α ).
Evidently, the domain of variable z ∈ Π l , l 0 = +1, where one can continue analytically the function (3.5) in the form (3.7) to, is determined by the conditions Γ 1 ⊂ P b and Γ 1 Z (α) res = ∅. These conditions may be satisfied at z ∈ P b only.
Note that value of the inner integrals over Γ 1 at λ ∈ G 1 are determined by residues at the points ρ = λ. At the same time G 2 dλ... Γ 1 ... = 0 since at λ ∈ G 2 the functions under the integration sign are holomorphic in ρ ∈ Int Γ 1 . Therefore
In the second summand of Eq. 
. Joining the summands including t α on the physical sheet, in the alone integral G 1 G 2 ... and using then the holomorphness of the function under the integration sign in variable λ, we straighten the contour G 1 G 2 turning it into the ray (z − ∞, z]. As a result we get the bilinear form corresponding to the product (t α R 0 )(z) taken on the physical sheet.
The last term of the expression (3.8) corresponds to the kernel of
Backing in the rest of summands including t ′ α and τ α to the initial variables k ′ , p ′ and utilizing then the definition (3.1), we find that these summands correspond to the expression
Gathering
To be convinced in the factorization (3.4), is sufficient to note that the last summand of (3.9) equals to zero. Indeed, one can check easily that at Im z = 0 or Im z = 0 and z > max j λ α,j the following equalities take place
Thereby the last term of (3.9) disappears and hence, Eq. (3.4) is true. This completes the proof. 
, where due to the presence of the factor δ(p − p ′ ), the translation invariance is emphasized explicitly. Analogously
Using Eqs. (3.3) and (3.4) one can present the Faddeev equations (2.1) continued on the sheet Π l in the matrix form
Here, s l (z) = diag{s 1,l (z), s 2,l (z), s 3,l (z)}. By M l (z) we understand the supposed analytical continuation on the sheet Π l of the matrix M(z).
Lemma 1. For each two-body unphysical sheet
Proof. Let us use the principle of mathematical induction. To make this, at the beginning we arrange the branching points λ α,j , α = 1, 2, 3, j = 1, 2, ..., n α , in nondecreasing order redenoting them as λ 1 , λ 2 , ..., λ m , m ≤ α n α , λ 1 < λ 2 < ... < λ m , and putting λ m+1 = 0.
Let the multi-index l = (l 1 , l 2 , ..., l m ) correspond temporarily namely to this enumeration. As previously, l j = 0 if the sheet Π l is related to the main branch of the function (z − λ j ) 1/2 else l j = 1. The index l 0 is omitted in these temporary notations.
It is clear that the transition of z from the physical sheet Π 0 across the segment (λ 1 , λ 2 ) on the neighboring unphysical sheet Π l (1) (into the domain Π (hol)
1 , l
2 , ..., l
m ) with l l (1) , it may be lead to the real axis in the interval (λ (1) , +∞) with certain λ (1) < λ 1 . Remaining in Π (hol) l (1) the point z may even go around the threshold λ 1 crossing the real axis in the segment (λ (1) , λ 1 ). Thus, the parameter z may be lead from the sheet Π l (1) on the each neighboring unphysical sheet and in particular, on the sheet Π l related to l 1 = 0, l 2 = 1, l j = 0, j ≥ 3. Transition of z from Π 0 across the segment (λ 2 , λ 3 ) on the sheet Π l with l 1 = l 2 = 1, l j = 0, j ≥ 3, is always possible.
We suppose further that the parameter z may be carried in this manner from Π 0 on all the two-body unphysical sheets Π l (k) defined by the conditions l l (k) of each sheet of the type described then wittingly, it can be lead to the real axis in the segment (λ (k) , +∞) with certain λ (k) < λ k . Hence the parameter z from each of the sheets Π l (k) may be carried across the interval (λ k , λ k+1 ) on the neighboring unphysical sheet Π l (k+1) with l l (k+1) and does not visit the sheets Π l (s) with s > k + 1. By the principle of mathematical induction we conclude that the parameter z may be carried really on all the two-body unphysical sheets.
Proof is completed. Using results of Sec. 4 of the paper [1] and Lemma 1, one can prove the following important statement. 6 ), the analytical continuation on the domain Π (hol) l of each unphysical sheet Π l ⊂ ℜ. This continuation is described by the equalities Q (n) (z) 
Theorem 2. The iterations
Q (n) (z) = ((−tR 0 Υ) n t)(z), n ≥ 1
, of absolute terms of the Faddeev equations (2.1) admit in a sense of distributions over O(C
Π l = ((−t l R l 0 Υ) n t l )(z). Remark 2. The products L 1 J 1 Ψ * ΥQ (m) , Q (m) ΥΨJ † 1 L 1 ,L 0 J 0 Q (m) , Q (m) J † 0L0 , L 1 J 1 Ψ * ΥQ (m) ΥΨJ † 1 L 1 ,L 0 J 0 Q (m) J † 0L0 , L 1 J 1 Ψ * ΥQ (m) J † 0L0 andL 0 J 0 Q (m) ΥΨJ † 1 L 1 , 0 ≤ m < n,
REPRESENTATIONS FOR THE FADDEEV COM-PONENTS OF THREE-BODY T -MATRIX
In the present section, using the Faddeev equations (3.11) continued, we shall obtain the representations for the matrix M l (z) in the domains Π (hol) l of unphysical sheets Π l ⊂ ℜ. The representations will be given in terms of the matrix M(z) components taken on the physical sheet, or more precisely, in terms of the half-on-shell matrix M(z) as well as the operators inverse to the truncated scattering matrices S l (z) and S † l (z). As a matter of fact, the construction of the representations for M l (z) consists in explicit "solving" the continued Faddeev equations (3.11) in the same way as in [9] , [10] where the type ( [1] .3.2) representations had been found for analytical continuation of the T -matrix in the multichannel scattering problem with binary channels. We consider derivation of the representations for M l (z) as a constructive proof of the existence (in a sense of distributions over 
Together with (4.3) the equalities take place being true in accordance with (3.10) for all z ∈ C \ (−∞, λ max ]. Using Eq. 
too. Note that the condition z ∈ (−∞, λ max ) necessary for Eq. (4.4) to be valid, does not touch the two-body unphysical sheets Π l , l 0 = 0, since in this case A (l) 0 (z) = 0 and consequently, the terms including the products J † 0 J 0 , are plainly absent in (4.1). Meanwhile the points z ∈ (−∞, λ max ] were excluded from the three-body sheets Π l , l 0 = ±1, by definition.
Notice further that the operator I + tR 0 Υ admits the explicit inversion in terms of M(z),
for all z ∈ Π 0 which do not belong to the discrete spectrum σ d (H) of the Hamiltonian H, and
The equality (4.6) is a simple consequence of the Faddeev equations (2.1) and the identity R 0 Υ = ΥR 0 . The relation (4.7) represents an alternative variant of these equations. Now, we can rewrite Eqs. (4.1) in the equivalent form
Eq. (4.8) means that the matrix M l (z) is expressed in terms of the quantities X (l) 0 (z) and X (l) 1 (z). Main goal of the section consists really in presenting these quantities in terms of the matrix M(z) considered on the physical sheet.
To obtain for X 
where M 0 = Ω † ΩM = (I + Υ)M. The relations (4.9) are another easily checked consequence of the Faddeev equations (2.1). Along with Eq. (4.9) we apply second of the equalities (4.4). As a result we come to the following system of equations for X 
It is convenient to write this system in the matrix formB
ij }, i, j = 0, 1, the matrix consisting of operators standing at unknown X (l) 0 and X (l)
1 ) † ), we understand a column constructed of the absolute terms of Eqs. (4.10) and (4.11). Since
The absolute terms look as
The operator s l (z), l 0 = ±1, has inverse one for all z ∈ P b . If z ∈ Z res then s −1 l (z) is a bounded operator inĜ 0 . That is why, acting on the both parts of the first equatioñ B
by the operator s l , and not changing its second equation, we come to the equivalent system
with the (operator) matrix 
admit the representation
0 , (4.14)
Note that since |L 0 | and A
0 are numbers turning into zero at l 0 = 0 simultaneously, the factors |L 0 | in (4.14) and (4.16) may be omitted.
Proof. Let us find at the beginning, the components B (l) (z) 
which is true for a wide class of the operators (C 1 , C 2 and C 3 ). A single essential requirement to C 1 , C 2 and C 3 evidently, is the existence of (
In the case concerned
where [M] β is the β-th column of the matrix M,
Note that elements S 
It follows from (4.22
. Therefore in the conditions of Lemma, the operator ( 
0 . Here, we apply again the relation (4.21) and obtain that
With a help of (2.4) we can write the resulting equation for Y 10 as 
Here, one can see in the left-hand part as in (4.27), the operator S
. Inverting it, we come to Eq. (4.17).
When calculating the unknown Y 01 , we begin with expressing by it the unknown Y 11 . Using Eq. (4.29) we get 
simplifying the absolute term as well as the summand in the left-hand part, engendered there due to (4.30) by the element B (l) 01
. Completing the transforms we find
11 .
In view of (4.25), the expression standing after Ω † in the right-hand part of the last equation, coincides exactly with that for S 
By the supposition, the parameter z moves along such a path that on the sheet Π l ′′ it is situated in the domain Π The proof is completed.
Transforming the third term of (6.3) we use again the representation (4.34). We find This means that the third term of (6.3) may be present as J † 0 ω 0 L AS −1 lL ω * 0 . When studying the fourth summand of (6.3) we begin with transforming the product A 0 L 0 J 0 ΩM l Ω † to more convenient form. It follows from (4.34) that present paper, may be applied as well to construction of the type (4.34), (5.1) and (6.1) explicit representations for analytical continuation of the T -and scattering matrices and resolvent on unphysical part of the energy Riemann surface in the N-body problems with arbitrary N.
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